Abstract. The dynamics of the non-Abelian vortex-string, which describes its low energy oscillations into the target D = 3 + 1 spacetime as well as its orientations in the internal space, is derived by the approach of nonlinear realization. The resulting action correlating these two sectors is found to have an invariant synthesis form of the Nambu-Goto-CP N −1 model actions. Higher order corrections to the vortex actions are presented up to the order of quartic derivatives. General p-brane dynamics in terms of the internal symmetry breaking is also discussed.
Introduction
It is well known that topological defects as physical objects can form in systems that exhibit the phenomenon of spontaneous symmetry breaking. In fact, as early as in the early seventies, the spontaneously broken gauge theory was found to possess these soliton-like solutions, namely, the Nielsen-Olesen vortex-string [1] and the magnetic monopole of 't Hooft and Polyakov [2] , corresponding to Abelian and non-Abelian gauge theories, respectively.
The vortex-string topological defect, on which particular attention has been focused, plays important roles in diverse areas of physics, covering condensed matter, particle physics as well as cosmology [3] . In addition, in brane world scenarios, vortices as codimension two branes are deemed to be especially useful when considering localization of gauge fields by using warped compactifications [4] .
Actually the vortex-string topological defect, such as the Nielsen-Olesen vortex line, can form if the vacuum manifold M is not simply connected, π 1 (M) = 0.
The vacuum manifold is M = U(1) in the Abelian Higgs model, admitting the Nielsen-Olesen vortex line [1] . On the other hand, the vortex-strings arising from non-Abelian gauge theories have attracted much attention and been extensively studied in supersymmetric gauge theories [5] - [11] , see [12] as a review. There, the underlying theory is a U(N C ) gauge theory with N F (≥ N C ) Higgs fields in the fundamental representation with the common U(1) charges. In the case when N F = N C ≡ N, the theory is found to have a unique vacuum state, i.e. the so called color-flavor locking phase, whose vacuum state preserves a global unbroken SU(N) C+F symmetry. Such a system admits the solution of Nielsen-Olesen type of vortices, and the solution further breaks this locking symmetry to SU(N −1)×U (1) .
Therefore, unlike the Abelian vortices, these non-Abelian vortices have moduli (zero modes) corresponding to spontaneous breaking of the non-Abelian symmetry; i.e., besides the usual position moduli they also carry orientational moduli CP N −1 = SU(N)/[SU(N − 1) × U(1)] in the color and flavor internal space.
Similar non-Abelian vortex-strings appear in QCD with high baryon density at low temperature [13] where the SU(3) C gauge symmetry is broken by diquark condensations and is locked with the SU(3) F flavor symmetry acting on the light quarks. Those vortices carry the CP 2 orientational zero modes [14, 15] and may exist in the core of a neutron star [16] .
The dynamics of such non-Abelian vortices, whose underlying theory illustrates both the spacetime and internal symmetry breaking, can be described by the collective coordinates in such an enlarged moduli space. Each moduli parameter provides a massless field for the effective field theory on the string world-sheet, which actually corresponds to the Nambu-Goldstone scalar associated with the spontaneously broken global symmetry.
As for the spontaneous symmetry breaking, the approach of nonlinear realization has been demonstrated a natural, economical and elegant framework for treating it.
In fact, this method has been applied to a wide range of physical problems most notably in the form of nonlinear sigma (NLS) models [17] , supersymmetry [18] - [20] , brane theories [21] - [26] , and combination of them. There, the Lagrangian is invariant with respect to the transformations of some continuous group G, but the ground state is not an invariant of G but only of some subgroup H. In this context, the resulting phenomenological Lagrangian becomes an effective theory at energies far below the scale of spontaneous symmetry breaking. Consequently, the effective action can be expressed in terms of the dynamics of these Nambu-Goldstone fields.
In the present context, the formation of the non-Abelian vortex breaks the spacetime and internal space symmetries at the same time, i.e., it breaks the target four-dimensional Minkowski spacetime to the lower two-dimensional world-sheet spacetime; meanwhile, it also has dynamical modes describing its orientations in the special color-flavor locked phase. The interactions between these two different sectors would be of interest to the general vortex-string theory and is worthy of detail exploration and investigation. Beside, as the string is embedded in a higher target spacetime, the terms that characterize this embedding or represent the string rigidity may also be supplemented to its actions [27, 28] .
The organization of this paper is as follows. In section 2, the spacetime symmetry breaking of the vortex-string is constructed in terms of the coset struc-
. Then after considering the spontaneous breaking of the internal space, the kinetic terms associated with the Nambu-Goldstone fields are shown to be described by the metric on the internal coset manifold (1)]. Therefore, the low energy effective actions of the vortex, which illustrate both the spacetime and internal space symmetry breakings, are obtained by means of Maurer-Cartan one-forms. As a result, in addition to the long wave oscillating modes associated with the translational directions transverse to the vortex-string, the string also has oscillating modes corresponding to its orientations in the internal space. The effective action between these two sectors is found to have a factorized form of the Nambu-Goto-CP N −1 model actions. Besides, the term that describes the world-sheet embedding is given by the extrinsic curvature couplings and produces interactions containing quartic derivatives. In section 3, the general formalism of the p-brane dynamics corresponding to both spacetime and internal space symmetry breakings is constructed. The effective action is then has a synthesis form of the Nambu-Goto-NLS model actions. Section 4 is devoted to conclusion and discussion. In appendix A we give a relation with the Skyrme-Faddeev model for N = 1 (CP 1 ) with 3+1 dimensional world-volume (D = 5 + 1, p = 3).
Effective Actions of Non-Abelian Vortex-Strings
Let us consider the non-Abelian vortex-strings described in Ref. [5, 6] . There, the Lagrangian has a U(N) C color symmetry along with an SU(N) F flavor symmetry.
As a result of the overall U(1) gauge symmetry breaking, it ensures the existence of the vortex solution for the underlying theory. In addition, the vacuum is found to remain a diagonal global color-flavor locking phase with SU(N) C+F symmetry.
Furthermore, the vortex-string solution is found to further break this symmetry down to the SU(N − 1) × U(1) symmetry. Since the diagonal color-flavor symmetry is not broken by the VEV of the scalar fields in the bulk, this breaking is physical and has nothing to do the Higgs mechanism caused by the gauge transformation. This fact therefore leads to the internal orientation moduli space of the string, and the presence of these modes makes the string genuinely non-Abelian. The whole moduli space of the non-Abelian string then has the form C ×CP N −1 , where C is related to the coset space ISO(1, 3)/[SO(1, 3) × SO (2)], describing the transverse oscillations of the string in the translational directions of the world-sheet; while the internal degrees of freedom is given by the coset space
corresponding to orientational moduli of the string in the internal color-flavor SU(N)
space.
We start first with the dynamics of the string corresponding to the spontaneous breaking of the spacetime symmetry in the presence of a vortex-string [21] . Place such a vortex-string along the x 1 -axis, the world-sheet is then parameterized by {x 0 , x 1 } in the static gauge, while the target spacetime parameterized by the coordinates x µ with µ = 0, 1, 2, 3. Therefore, the stability subgroup H o of the target spacetime symmetry breaking is given by the direct product of SO(1, 1) × SO (2), which corresponds to the Lorentz boost SO(1, 1) symmetry (formed by the generator M = M ab , a, b = 0, 1) and the rotational SO (2) invariance (formed by the generator
in the x 2 -x 3 plane respectively. Accordingly, the coset representative (2)] can be exponentially parameterized
in the static gauge; in which x a , φ i , u The effective action of the string that describes its low energy oscillations into the covolume space can be constructed by using the Zweibein from the coset structure
o dΩ o , which has an explicit expansion with respect to the G o generators
It is found that
where A, B = 0, 1 and U ij = u 
Considering ω
A ob in static gauge, the Zweibein is therefore found to have the form
, and the Maurer-Cartan one-forms transform according to
Therefore, it can be concluded from Eq. (2.5) that the covariant coordinate differentials have the transformation property After eliminating the non-dynamic superfluous fields u a i with imposing the covariant constraint ω z = 0 in Eq. (2.2) by the inverse Higgs mechanism [29] , the metric tensor of the two dimensional world-sheet is found to be
On the other hand, the formation of the vortex topological defect breaks the color-flavor locking symmetry SU(N) C+F to the stability subgroup SU(N −1)×U (1) , and this embedding is rather a dynamical process. Therefore, the dynamics of the vortex-string corresponding to the internal orientional modes is described by these collective coordinates of the internal coset space
Consider the Lie algebra of SU(N) group, which has N 2 − 1 generators. In the fundamental representation they have the form
where 2 ≤ a ′ ≤ N. These matrices have the normalization condition
where A ′ , B ′ are from 1 to N 2 − 1. Likewise, the generators of SU(N − 1) group can be taken as
, and the generator of the U(1) group has the diagonal traceless form
In addition, the broken generators associated with the coset SU(N)/[SU(N − 1) × U(1)] are given by N − 1 generators of the first type
along with the other N − 1 generators of the second type
Therefore we have total
2 − 1) + 1) = 2N − 2 generators corresponding to the coset space, which have explicit forms
Therefore, the coset representative elements (1)] with respect to the stability group H I can be exponentially parameterized
The parameters φ 1a ′ and φ 2a ′ are the Nambu-Goldstone (NG) fields corresponding to the spontaneous breaking of the full SU(N) C+F group. They transform nonlinearly under the left action of the general group elements g I on the coset representative itself, i.e. g I Ω I = Ω ′ I h I , and the resulting inhomogeneous terms of the NG transformations directly signal the breakdown of the SU(N) C+F symmetry. The effective action of the string that describes its orientional modes in the internal space can be derived by using the metric tensor on the coset manifold, which is constructed from the Maurer-Cartan one-forms Ω −1 I dΩ I . In which the coset elements can be rewritten as 19) where
′ with φ and Φ real and complex scalar fields, respectively, and 20) where i ′ = 1, 2, 3, · · · , N −1. Accordingly, these matrices have explicit multiplication relations as follows 2.22) and
After normalizing the Nambu-Goldstone fields in the coset representative element, 25) in which f (|Φ|) is the normalization function determined below, and the norm is defined as |Φ| = √ Φ i ′ Φ * i ′ , we can explicitly expand it with respect to the G I generators, i.e.
The Maurer-Cartan one-forms is then found to be
where
Under the action g I Ω I = Ω ′ I h I , one can find that the Maurer-Cartan one-forms transform according to
Among them, the one-forms associated with the broken generators T a ′ and T a ′ † transform covariantly, and the one-forms associated with the unbroken generators
In addition, after rewriting the one-forms A a ′ as
one can obviously note that the two covariant parts, which correspond to dΦ and dΦ * terms respectively, transform independently under Eq. (2.30) . Imposing the covariant condition on this one-forms by setting the term related to dΦ * to zero gives us df d|Φ|
Then the normalization function can be secured as 33) i.e.
where A a ′ is the covariant coordinate differential, and dΦ i ′ is the general coordinate differential on the coset manifold. The vielbein can be derived accordingly
Thus the vielbein becomes
The SU(N − 1) × U(1) invariant interval is therefore given by 2.38) where the metric g
Considering Eq. (2.37), the invariant interval of the internal space becomes (2.40) where the metric g I i ′ j ′ * can be obtained, to yield 2.42) along with the invariant internal space interval
Hence,
is invariant under both the spacetime and internal space transformations.
Considering Eq. (2.8) the action of the string described by the Nambu-Goldstone oscillation modes corresponding to its low energy oscillations into the covolume space takes the form
where T stands for string tension, and it is obviously SO(1, 1) × SO (2) invariant.
This part is the Nambu-Goto action [30] which is sufficient for describing the dynamics of an Abelian vortex-string.
In addition to the Nambu-Goto action (2.45) for the broken translational zero mode, there exist the Nambu-Goldstone modes for the internal symmetry breaking in the case of non-Abelian vortex-strings. The effective action that describes the dynamics of the string in both the spacetime and internal space breakings is then given by 46) where T I is the coupling between the space-time and the internal zero modes. Therefore one can find that the effective action has a synthesis form of the Nambu-Goto-
Note that the moduli space is the direct product C × CP N −1 of the translational and the internal zero modes and consequently the action is decomposed into them at the order of the quadratic derivatives, but there exist the interaction terms at the quartic (and higher) derivatives.
Typically, the coherence length and penetration depth of the vortex are characterized by the Compton wave lengthes of massive Higgs and gauge bosons respectively. Here, we have assumed that the width or transverse size of a vortex-string is much smaller than the energy scale which we consider. On the other hand, one may consider the correction to the action by taking account the effect of width of the vortex. In order to do so, it is necessary to add the effective action terms that characterizes this embedding of the world-sheet in the target spacetime [27, 28] . The interactions that describes the stiffness or rigidity of the string can be shown as
in which the coupling constant k 0 stands for the rigidity or stiffness, and the extrinsic
µ with the normalization condition n i µ n jµ = δ ij for the unit norm vectors n i µ . As a result, these extrinsic curvatures terms produce interactions containing quartic derivatives in the strings actions. In general for a p-brane the intrinsic scalar curvature R on its world-volume can be
In the case of the string, this is a total derivative term because of the Euler's theorem, and so we do not need it [27] . Up to the same order corrections, the string actions can also be supplemented with the following but not scale invariant interactions
Likewise, we have the following quartic coupling terms for the internal moduli
where the metric g In more general, the following generally covariant terms are also invariant under the holomorphic isometry G I for the Kähler internal target spaces: 
, see e.g. [31] . The so-called Kähler normal coordinates should be useful for the expansion of geometric quantities in the internal Kähler manifold [32] . The above terms are needed in general for arbitrary Kähler target spaces.
(2.46), (2.47) , (2.48) and (2.49) , the effective actions of the string amount to Here we make a comment on the microscopic derivation of those effective coupling constants, T, T I , k i , k ′ i ′ in the effective Lagrangian (2.50). In principle we can determine those coupling constants from a given microscopic Lagrangian. Let us consider a Bogomol'nyi-Prasad-Sommerfield (BPS) vortex-string in the non-Abelian U(N) gauge theory coupled to N Higgs scalar fields in the fundamental representation with the common U(1) charges. First, the tension T can be calculated to be
2 with v the VEV of the Higgs fields [5, 6] . Second, the coupling between space-time and internal modes, T I , called the Kähler class, can be determined to be T I = 4π/g 2 with the U(N) gauge coupling constant g [7, 8, 9, 10] . In the case of a non-Abelian vortex-string in dense QCD [13, 14] , the tension T is given by T = 2πv 2 log Λ with an infrared cutoff Λ. The coupling T I has been calculated recently in [15] as T I = 4πc/g 2 with some numerical constant c which is not in general unity but depends on the parameters in the original Lagrangian.
On the other hand, higher order terms are in general difficult to be determined.
There have been many attempts to calculate k i (i = 1, 2, 3) for the Abelian (N = 1) local vortex [33] , but it seems that many discussions on rigidity or stiffness have been given without agreement with each other. For the non-Abelian U(N) case, there are three more parameters k 2, 3) at this order, which have not been calculated yet. Our work will provide a general basis for a microscopic derivation of the higher order effective action.
Recently non-Abelian vortices have been extended from the U(N) gauge group to gauge groups U(1) × G where G is SO(N), USp(N) [34] or further arbitrary Lie groups [35] . Accordingly, the orientational zero modes become SO(2N)/U(N), USp(2N)/U(N) and so on. An extension to those cases is straightforward since the construction of those coset spaces is known [36] .
General p-Brane Dynamics
In the previous section, the effective actions of the vortex-string (p = 1 brane) that describe both the spacetime and internal space spontaneous symmetry breakings have been discussed. To generalize, we consider a general p-brane topological defect whose formation not only breaks the embedded target spacetime symmetry but also spontaneously breaks the internal target group G I down to an invariant subgroup H I . Therefore, the dynamics of the p-brane would be described by the associated Consider such a p-brane embedded in the target D dimensional flat spacetime.
As a result, its moduli space is given by
where the spacetime stability group of the p-brane takes the form SO ( (3.3) i.e., the generators S I form a representation for the subgroup H I . Accordingly, the complete Maurer-Cartan one-forms can be written as 3.5) in which U mn = u µ m u nµ , and M mnµν = 4(u mµ u nν −2u mµ u nν + u lµ u lν δ mn ). After eliminating the non-dynamical fields u m µ setting ω zm = 0 by the inverse Higgs mechanism [29] , the p-brane world volume metric is given by [25] 
On the other hand, the metric of the internal coset manifold has the form
where L N M is the metric imposed on the covariant coordinate differentials for the invariant interval under the H I transformation
Therefore, considering Eqs. (3.6) and (3.7) , the metrics in the enlarged moduli space
give us the effective theory of these moduli (NG) fields on the brane world volume.
The effective actions of p-brane dynamics can be written as (3.9) in which x µ ′ are coordinates that parameterize the target spacetime, and µ [39] . In the brane-world scenario, the quartic derivative couplings are very crucial in brane dynamics, signaling the brane stiffness and embedding in the extra dimensions. Their phenomenological consequences have been explored in collider physics and cosmology as well [40] . The other terms are higher order corrections to the brane actions up to the order of quartic derivatives. Besides, additional fermionic degrees of freedom can also be located on the brane world volume to describe its oscillations into the superspace for BPS [21, 22] and non-BPS branes [23, 24] in supersymmetric theories.
Recently, in Ref. [41] , a non-Abelian p = 3 brane topological defect in D = 5 + 1 3 When the internal target space is Kähler, there also exist the terms in footnote 3 in general unless the curvature tensors are written by the metric tensor as in CP N −1 . This is because the complex structure I i j of Kähler manifolds can be used to construct invariant terms in the effective action. When the target space has further invariant tensors, they can be also used to construct further invariant terms in the action.
with orientational moduli configurations has also been discussed. In brane world scenarios, standard model particles should be realized as low energy fluctuations localized on the p = 3 brane world volume. Phenomenologically, the physical consequences of the couplings in Eq. (3.9) for the p = 3 brane, which produce interactions containing quartic derivatives in addition to the extrinsic curvature terms, are open appealing problems to be explored.
Conclusion and Discussion
The non-Abelian vortex-strings were found in supersymmetric U(N) gauge theories and high density QCD. They have the orientation zero modes in the internal color and flavor space. In this paper, we have constructed the low energy effective action for a non-Abelian vortex-string, the presence of which breaks the translational and the internal SU(N) symmetries. It has been turned out to be the invariant synthesis of the Nambu-Goto-CP N −1 model action in the lowest order. We then have constructed higher order terms related to the string rigidity in both the space-time and the internal spaces. Our work will provide a general basis to go on the microscopic derivation of the effective action of the non-Abelian vortex-string. We have also constructed the effective action of a p-brane which breaks the translational and the internal G I symmetries at the same time. In appendix A we give a relation between the Nambu-Goto-CP 1 model and the Skyrme-Faddeev model.
As demonstrated in this paper the nonlinear realization method offers a powerful tool to construct the low energy effective action of a single vortex. On the other hand multiple vortices admit more ample moduli spaces [11] but symmetry is not enough to determine the effective Lagrangian. However the moduli space can be written as a symmetric product (C × CP N −1 ) k /S k of each vortex moduli space when all vortices are well separated. So the nonlinear realization may work to some extent in this case because the position and the orientation of each vortex are approximate Nambu-Goldstone modes though exact Nambu-Goldstone modes are only overall translation and orientation.
We have studied only bosonic action in this paper. In N = 2 supersymmetric gauge theories, U(N) non-Abelian vortices are BPS states preserving a half of super-symmetry [5, 6] . Therefore Nambu-Goldstone fermions associated with the partially broken supersymmetry are localized in the vortex-string. The effective theory is expected to become an invariant synthesis of the Nambu-Goto action with partial supersymmetry breaking terms [21] [42] . In this case, the normalizability of zero modes does not hold automatically; the CP N −1 modes are (non-)normalizable when size modulus is (non-)zero [43] . When zero modes are non-normalizable they do not appear in the effective theory on the vortex but rather should be interpreted as bulk modes.
Therefore we have to pay attention not only to a symmetry structure but also to the normalizability of zero modes.
A The CP 1 Model with Four Derivative Terms
The Nambu-Goto-CP N Lagrangian (2.50) reduces in the case of N = 1 with p = 3
In this case we have noticed that the term with k 
Then the so-called the Skyrme-Faddeev term [44] can be written as the field strength squared .4) This term is also called the baby Skyrme term in d = 2 + 1 [45] . There is the other independent fourth order term [46, 47, 48] which is simply the kinetic term squared: .5) This term arises when one constructs the low energy effective theory of pure SU (2) Yang-Mills theory [46] . It is also needed for supersymmetric generalization of the Skyrme-Faddeev term [48] . The kinetic term becomes ∂ a Φ∂ a Φ * (1 + |Φ| 2 ) 2 = 1 2 ∂ a n · ∂ a n, (A.10) and the field strength can be rewritten as .11) Therefore the Skyrme-Faddeev term and the other four derivative term become F 2 ab = (n · ∂ a n × ∂ b n) 2 = (∂ a n × ∂ b n) 2 , (A.12) (∂ a Φ∂ a Φ * )
2
(1 + |Φ| 2 ) 4 = 1 4 (∂ a n · ∂ a n) 2 , (A. 13) respectively. The total four derivative term L 4 can be rewritten as
(∂ a n · ∂ a n) 2 .
(A.14)
